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Convergence features of the Rayleigh-Schro¨dinger perturbation theory (PT) strongly depend on the
partitioning applied. We investigate the large order behavior of the Møller-Plesset and Epstein Nes-
bet partitionings in comparison with a less known partitioning obtained by level shift parameters
minimizing the norm of operator ˆQ ˆW , with ˆW being the perturbation operator while Q standing for
the reduced resolvent of the zero order Hamiltonian ˆH0. Numerical results, presented for molec-
ular systems for the first time, indicate that it is possible to find level shift parameters in this
way which convert divergent perturbation expansions to convergent ones in some cases. Besides
numerical calculations of high-order PT terms, convergence radii of the corresponding perturbation
expansions are also estimated using quadratic Pade´ approximants. Published by AIP Publishing.
[http://dx.doi.org/10.1063/1.4978898]
I. INTRODUCTION
Perturbation theory (PT), besides its conceptual impor-
tance, represents a simple and efficient tool to approximate
eigenvalues and eigenvectors of linear operators ˆH system-
atically.1 The approximation goes as a power series of the
perturbation parameter λ defined by
ˆH = ˆH0 + λ ˆW , (1)
where ˆH0 is the zero order operator while ˆW is the perturbation.
Many quantum mechanical theories apply PT to deal with
the energy operator (Hamiltonian). In quantum chemistry, an
important field of application is the approximation of the cor-
relation energy, for which the Rayleigh-Schro¨dinger (RS) PT
is most often used, as it can be extensive.2,3 A huge number of
examples are available showing the practical benefits of RSPT
in this field, even at the few lowest orders of λ.
There is a disturbing problem, however. Given ˆH and
ˆH0, one cannot predict whether or not the PT power series
is convergent, and in fact, it was shown numerically to be
divergent in a vast number of chemical applications (see, e.g.,
Refs. 4–7). Even if low order corrections serve as accept-
able estimates, from a strict theoretical point of view it is not
too elegant to use partial sums of an intrinsically divergent
series.
Although the strict mathematical necessary and suffi-
cient conditions of the convergence of the RSPT series are
unknown, qualitative considerations may suggest some ideas.
The solution of the RSPT problem8 at order n can be written as








whereΨ(n) indicates the nth order eigenvector, and the reduced
resolvent of ˆH (0) is
ˆQ = ˆP
(
ˆH (0) − E(0)
)−1
ˆP (4)
with ˆP = 1− |Ψ(0)〉〈Ψ(0) | and with the subscript “c” in Eq. (3)
indicating the connected terms of the operator product. Eq. (4)
emphasizes the crucial role of operator product ( ˆQ ˆW ) in
affecting the convergence features.
According to Eq. (4), the reduced resolvent is determined
by the choice for the zero order Hamiltonian ˆH0, i.e., by the
partitioning. In electron correlation theory, one most often uses
the so called Møller-Plesset (MP) partitioning, where ˆH0 is
chosen as the Fockian. One sometimes uses the Epstein-Nesbet
(EN) partitioning, where ˆH0 is constituted by the diagonal
elements of the Hamiltonian matrix in the given basis set.
It is also known that level shift parameters (that change the
partitioning) can influence convergence properties, too. Given
all zero-order wave functions Ψ(0)k 〉, one can always redefine
the partitioning (setting λ = 1) like
ˆH = ˆH0 +
∑
k






ηk |Ψ(0)k 〉〈Ψ(0)k | .︸                         ︷︷                         ︸
ˆW ′
(5)
The optimal choice of the level shift parameters ηk has been
discussed by several authors.7,9–30 In a previous paper, we pro-
posed to minimize the square norm of operator ( ˆQ ˆW ) with
respect to the level shift parameters in the hope of improv-
ing convergence features thereby.31 It was indeed shown that
this technique is capable of converting divergent PT series
of the quartic anharmonic oscillator to a convergent one (the
series has zero radius of convergence if the harmonic oscillator
Hamiltonian is used as the zero order).
In the present paper, we investigate the large order behav-
ior of this latter partitioning for molecular systems when PT
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is used to estimate electron correlation starting from the sin-
gle reference (Hartree-Fock) Hamiltonian, in comparison to
the properties of MP and EN partitionings. In what follows,
we briefly summarize the working equations, then present
numerical results.
II. WORKING EQUATIONS
The square norm of operator A is defined here as
| |A| |2 = Tr (AA†), (6)
which in a basis set representation is the two-norm or Frobenius
norm of the matrix theory







Evaluating ||QW ||2 with this definition, we get














(E(0)i − E(0)0 )2
.
With the level shifts (5), this transforms to
| |Q′W ′ | |2 =
∑
i,0
〈i|W2 |i〉 − 2ηi〈i|W |i〉 + η2i
(E(0)i − E(0)0 + ηi)2
, (8)
where the level shift of the ground state, η0, was set zero to fix
the energy origin.
To minimize the norm with respect to ηk-s, we write
∂
∂ηk
| |Q′W ′ | |2 = 0 (9)
having the solution
ηk =
〈k |W2 |k〉 + 〈k |W |k〉(E(0)k − E(0)0 )
〈k |W |k〉 + (E(0)k − E(0)0 )
. (10)
Using level shift parameters obtained from this equation
results a new partitioning, which will be denoted by “QW”
partitioning.
III. ESTIMATING CONVERGENCE RADII
As mentioned in the Introduction, the sufficient and neces-
sary convergence conditions in RSPT are unknown. Numerical
studies, more sophisticated than just monitoring partial sums,
have been used however.
One ingenious idea is to consider the Hamiltonian as an
operator-valued function of the perturbation parameter λ. As
ˆH(λ) varies with the value of perturbation parameter, so do
its eigenvalues E(λ). Allowing complex values for λ, prop-
erly denoted by letter z, the analyticity of the energy E(z) as
a complex function can be investigated numerically.1,32 The
idea is to find the singularity point of E(z) closest to the origin,
marking the convergence radius of PT. This is a rather compli-
cated numerical procedure since it requires, at various values
of z, to find the exact eigenvalue of the complex non-Hermitian
Hamiltonian ˆH(z). Therefore, as suggested by Goodson,33,34
one prefers to use Pade´ approximants35 to approximate E(z).
The most frequently used Pade´ approximants are linear
ones, approximating the sum of the PT series as the ratio
of two polynomials. Accordingly, the only singularity they
can exhibit is a simple pole. In many cases, however, non-
analyticity of E(z) appears as a branching point on the complex
plane. Goodson therefore suggested36 to apply quadratic Pade´
approximants [K,L,M] requiring
PK (z) + QL(z)S(z) + RM (z)S2(z) ≈ 0 (11)
to be satisfied, where S(z) is the partial sum of the PT series, P,
Q, and R are K, L, and M-order polynomials whose coefficients
are determined by requiring (11) to be satisfied for all values
of z.




Q2L − 4PK RM
2RM
(12)
predicting a branch-point singularity if the discriminant is zero,
that is, when
Q2L − 4PK RM = 0. (13)
After solving the quadratic Pade´ problem Eq. (11), we get
the coefficients of the discriminant which is a polynomial of
degree at most max(2L, K + M). We solve Eq. (13) numer-
ically, find the roots of this polynomial, and choose the root
z ∈ C which has the smallest modulus. This root, closest to
the origin, will estimate the convergence radius. Clearly, since
a Pade´ approximant is only an estimation of the converged
value, the location of the branch-point is also only an approxi-
mation to the location of the true singularity. As shown by the
numerical examples below, this estimation appears to be quite
informative in the cases studied.
In this work, “diagonal” Pade´ approximants [K,K,K] will
be used, i.e., we choose K = L = M.
IV. RESULTS
This section reports high-order PT calculations on simple
chemical systems for the correlation energy. The zero order
Hamiltonian is originally chosen as the Fockian. The nth order
results obtained from MP, and in some cases, the EN parti-
tionings will be compared to those from the QW partitioning.
The systems under study are the H2 molecule in a triple zeta
polarized (TZP) basis at elongated interatomic distances 3.0
and 3.5 Å, the Ne atom in a relatively large (13s7p1d/7s4p1d)
basis including diffuse d and s functions, and the symmetri-
cally stretched water molecule at various OH distances in a
6-31G* basis.
Since the numerical evaluation of Eq. (10) requires all
diagonal matrix elements of operator W2, it is most easily
coded into a full CI program. We modified the program by
Knowles and Handy37 to evaluate PT corrections in MP, EN,
and QW partitionings.
A. Stretched H2
In Fig. 1, the first 40 order of total energies of H2 with
bond distance 3.0 Å are plotted in the MP and QW partition-
ings. Both PT results oscillate around the full CI line, but the
MP values exhibit increasing oscillation amplitudes leading
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FIG. 1. Convergence of MP and QW perturbation energies for the H2
molecule at 3 Å bond length.
to divergence, while the QW values show a damped behavior
converging slowly to full CI. The price for this is that low-
order results of QW are also significantly damped; thus the
MP2 and MP3 energies induce the deceptive impression that
the MP partitioning is superior.
In Fig. 2, we illustrate the convergence of the total energy
of H2 at 3.5 Å H-H distance in the QW partitioning. MPn
results are not plotted here since they are pathologically diver-
gent at such a large bond length. The primary figure shows the
results up to order 400, while the inset is a zoom into the tail of
the curve. The figure supports the impression that the QW PT
series is, though slowly, convergent. This is an interesting fea-
ture of a single-reference method at such a large bond distance.
To analyze the conditions of convergence, we used
quadratic diagonal [6,6,6] Pade´ approximants estimating the
location of eventual branch-points. Figure 3 shows that at 3.0 Å
bond length for the MPn series the singularity closest to the
origin appears as a complex conjugate pair inside the unit cir-
cle, meaning that the convergence radius is less than 1. On the
other hand, the branch point for the QWn series is just outside
the unit disk (the figure is somewhat misleading), appearing as
a conjugate pair as well. This makes the estimate of the conver-
gence radius just greater than 1, in agreement with the former
numerical assessment. The slow convergence is in accord with
FIG. 2. The same as in Fig. 1, at 3.5 Å, for the QW partitioning. The inset is
a zoom onto the orders n > 150.
FIG. 3. Location of singularities (branch points) closest to the origin of the
E(z) function of H2 (RHH = 3.0 Å) estimated by quadratic Pade´ approximants
for the MP and QW partitionings.
the fact that a predicted singularity is very close to the unit
circle.
B. Ne atom
Figure 4 compares MPn and QWn total energies in a
13s7p1d basis set contracted to 7s4p1d. The picture is some-
what different from the case of H2 since here both the MP and
QW results seem to be convergent up to order 8. However, the
convergence of MPn slows down above order 8, ending in a
clear divergence above order 20. In contrast, the QW results
are nicely converging to the full CI value.
The radius of convergence of the MP and QW series was
also estimated by the quadratic Pade´ approximation. We have
used the diagonal [4,4,4] approximation here; because some
of the higher order contributions being very small, numeri-
cal instabilities for the [6,6,6] Pade´ were encountered. Fig. 5
nicely shows that while the closest singularity for MP is inside
the unit circle predicting divergence, the QW partitioning suf-
ficiently enlarges the radius of convergence. In both cases, the
singularities closest to the origin appear as complex conjugate
pairs, with negative real parts (“backdoor intruders”2). The
branch points for the MP partitioning lie almost on the real
axis, and those for QW are also relatively close.
FIG. 4. Comparison of convergence of the MP and QW series for the Ne atom
in a basis set containing diffuse functions.
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FIG. 5. Location of branch points closest to the origin, as predicted by [4,4,4]
Pade´ approximants, of the E(z) function of the Ne atom (cf. Fig. 4).
C. Water
The MPn and QWn series were calculated in a 6-31G*
basis set for water at several O–H distances: equilibrium (eq)
O–H bond length and symmetrically stretched with 1.5 eq,
2.0 eq, 2.25 eq, and 2.5 eq, respectively. At shorter distances,
the EN partitioning was also studied.
Figure 6 shows the energies obtained for all three parti-
tionings at equilibrium geometry for water. In this case, each
method is convergent. However, the QWn series converges
slower than the MPn, as it does in most cases we encountered
where both series were convergent. Even the EN partitioning
gives a convergent result in this case, although it has an even
slower convergence than QW results have (see inset). The MP
results were omitted from this latter figure.
The EN, MP, and QW energies for 1.5 eq O–H bond length
can be seen in Figure 7. The MPn and QWn series are conver-
gent but the EN result is divergent which can be seen better in
the inset. The EN results are not convergent at any larger O–H
distances studied, for this reason these are not plotted.
At 2.0 eq O–H distance, we get a picture different from the
former results (see Figure 8). Both the MPn and QWn results
are convergent, but the series are not oscillating around the full
FIG. 6. Convergence of perturbation energies for the water molecule at equi-
librium geometry in the MP, EN, and QW partitionings. The inset shows the
behavior for orders 6–20.
FIG. 7. EN, MP, and QW energies for symmetrically stretched water at 1.5
equilibrium bond length. Larger order contributions are shown by the inset.
FIG. 8. The same as in Fig. 7, but for twice the equilibrium bond length.
configuration interaction (FCI) energy, rather they are mono-
tonically decreasing. The slower convergence of the QWn
results also manifests here.
Figure 9 compares MPn and QWn energies for the water
molecule at a symmetrically stretched geometry with 2.25 eq
O–H bond length. Even though at lower orders the MP series
seems to give more accurate energies, going further in the sum-
mation it turns out that it is actually divergent. In comparison,
the QWn series is convergent even at this prolongated bond
FIG. 9. The same as in Fig. 7, but for 2.25 times the equilibrium bond length.
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FIG. 10. The same as in Fig. 9, but for
2.5 times the equilibrium bond length;
(a) convergence pattern at lower orders,
(b) zoom into large-order behavior for
QW.
length, although the convergence is slow. The main figure is
somewhat misleading in this case, since at this scale it seems
like the QWn energy converged to the FCI energy at around
the 50th order. This is not the case, as it can be seen in the
inset. Still, the QWn results are convergent.
Finally, at 2.5 eq O–H distance, both methods fail to con-
verge. Figure 10(a) shows the MPn and QWn series for this
geometry. The divergence of the MPn results is obvious from
this picture, and even though the QWn energies seem to slowly
approach the exact result, going further the series deviates
from full CI. Figure 10(b) shows the QWn results at higher
orders. Instead of convergence, the QWn series exhibits an
oscillating, divergent nature, resulting in a fractal-like pic-
ture. Note that the oscillation patterns are not around the
exact (FCI) solution but around a strangely varying average
value.
Convergence radii for these series were estimated using
quadratic Pade´ approximants.
In Figure 11(a), we depict the branch points closest to the
origin for EN partitioning at 1.0 eq, 2.0 eq, and 2.5 eq O–H
bond lengths. To obtain these, in the first case [5,5,5], while
FIG. 11. Location of the closest branch points in different partitionings for
symmetrically stretched water at different geometries (A: equilibrium, B:
twice, C: 2.25 times, D: 2.5 times the equilibrium bond length): (a) EN
partitioning, (b) MP partitioning, (c) QW partitioning.
in the latter two cases, [6,6,6] quadratic Pade´ approximants
were used. The reason for the choice of a lower order approxi-
mant is the same as in the case of the Ne atom. At equilibrium
O–H distance, the branch point lies on the real axis, while
at 2.0 eq and 2.5 eq O–H bond lengths the branch points are
complex numbers. Their position is in agreement with the con-
vergence results. At equilibrium geometry, the EN partitioning
gave convergent results and the corresponding branch point is
found outside of the unit circle. However, at greater distances
the method fails to converge, and the branch points closest to
the origin (i.e., the estimated convergence radii) lie within the
unit circle.
Similarly, for the MPn series, [6,6,6] quadratic Pade´
approximants were used to determine the convergence radius
at 2.0 eq, 2.25 eq, and 2.5 eq O–H distances, and the [5,5,5]
Pade´ approximant was used to do the same at 1.0 eq O–H
bond length (Figure 11(b)). At shorter distances, the branch
points lie outside the unit circle, and in these cases the MP
results were convergent. At 2.25 eq and 2.5 eq O–H bond
lengths, the estimated convergence radii are less than 1. In
two cases (denoted by “C” and “D”), the branch points
are not on the real axis but show up as complex conjugate
pairs.
The results for the QWn series are shown in Figure 11(c).
Using [6,6,6] quadratic Pade´ approximants, the branch points
were estimated at the same geometries as for the MP case. For
the 1.0 eq, 2.0 eq, and 2.25 eq O–H bond lengths, branch points
are outside the unit circle, making the estimated convergence
radii greater than 1. At 2.5 eq bond length, the branch point “D”
lies inside the unit circle, resulting in the observed divergent
behavior.
D. Performance of linear and quadratic
Pade´ approximants
We select two illustrative cases, in which we show the per-
formance of Pade´ approximants in MP and QW partitionings.
One example is chosen among the nicely convergent cases
(we selected the water molecule at equilibrium geometry). The
other is the case when both MP and QW are divergent (water
at 2.5 Req).
The relevant numbers are collected in Table I. Above
each Pade´ approximant, we tabulate the PTn value, n being
the highest order of PT used to construct the Pade´ approxi-
mant tabulated. That is, PT4 is compared to the [2,2] linear
or the [1,1,1] quadratic approximant. The items containing
“n.r.” indicate the cases which are not relevant the quadratic
approximant predicting a complex energy at λ = 1.
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TABLE I. Pade´ approximants for the water molecule in MP and QW partitionings, as compared to the partial
sums (PTn) up to the order used to construct the approximant.
Geometry Req 2.5 Req
Partitioning MP QW MP QW
PT4 76.206 317 76.209 708 75.846 410 75.605 454
Linear [2,2] Pade´ 76.101 234 76.207 441 76.102 737 75.605 260
PT8 76.207 417 76.207 414 75.818 721 75.627 065
Linear [4,4] Pade´ 76.207 404 76.207 382 75.817 055 75.702 0016
PT12 76.207 430 76.207 421 75.910 691 75.644 908 9
Linear [6,6] Pade´ 76.207 430 76.207 388 75.896 083 75.710 252 6
PT4 76.206 317 76.209 708 75.846 461 75.605 454
Quadratic Pade´ [1,1,1] 76.084 627 n.r. 76.178 874 n.r.
PT7 76.207 370 76.207 275 75.811 638 75.616 214
Quadratic Pade´ [2,2,2] 76.207 394 76.207 306 75.823 022 n.r.
PT10 76.207 429 76.207 412 75.859 745 75.636 470
Quadratic Pade´ [3,3,3] 76.207 430 76.207 417 75.822 073 n.r.
Full CI 76.207 430 75.902 910
The conclusion we can draw from the figures in Table I is
that
(a) in the convergent case, both the linear and the quadratic
approximants usually improve the PTn values, but the
improvement is very small, and there are exceptions
(like the [2,2] linear approximant);
(b) in the divergent case, the improvement shown by the
Pade´ approximant is occasionally quite significant, but
in other cases the extrapolated values are much worse
than simple partial sums.
TABLE II. Role of branch point locations r∗ on the error of low-order PT
results E(n)-E(FCI) (atomic units) in MP and QW partitionings for the water
molecule at various C23 geometries.
Req× 1.0 1.5 2.0 2.25 2.5
MP partitioning
Re(r∗) 1.205 9 1.406 3 1.089 0 0.763 7 0.871 1
Im(r∗) 0.001 0 0.000 0 0.011 2 0.017 7 0.065 2
rconv 1.205 9 1.406 3 1.089 1 0.763 9 0.873 5
E(n)-E(FCI)
MP2 0.011 474 0.014 429 0.049 365 0.099 774 0.182 352
MP3 0.005 465 0.010 088 0.060 451 0.100 048 0.112 276
MP4 0.001 113 0.002 174 0.014 580 0.026 051 0.056 450
MP5 0.000 424 0.001 155 0.013 403 0.025 130 0.062 209
MP6 0.000 122 0.000 420 0.004 023 −0.000 144 0.063 420
MP7 0.000 060 0.000 198 0.000 735 −0.005 825 0.091 272
QW partitioning
Re(r∗) 1.281 58 1.176 4 −1.072 9 −1.036 42 0.158 4
Im(r∗) 0.036 07 0.000 0 0.201 2 0.174 67 0.000 0
rconv 1.282 09 1.176 4 1.091 6 1.051 03 0.158 4
E(n)-E(FCI)
QW2 −0.021 545 −0.014 683 0.097 166 0.171 533 0 0.307 652
QW3 0.010 220 0.017 169 0.119 982 0.191 120 8 0.318 528
QW4 −0.002 278 −0.001 974 0.075 089 0.153 984 9 0.297 456
QW5 0.001 290 0.003 604 0.080 633 0.157 181 1 0.298 915
E. Role of the location of branch points
An interesting fact seen in Table II is that the deviation
of rconv from 1 is not strictly correlated to the apparent speed
of convergence. For example, comparing geometries 1.0 and
1.5 Req in the MP partitioning, the former geometry shows a
better convergence (as of course, chemically expected), but the
branch point is farther from 1 in the latter case. This can be
true because we do not investigate the same analytic function
E(z), but we compare two different systems (water at different
geometries).
Another observation is that in all cases tabulated the imag-
inary part of r∗ is rather small: the branch point closest to the
origin lies close to the real axis. The small variations shown by
Im(r∗) do not seem to have any influence onto the convergence
patterns.
V. CONCLUSION
As seen from the example of the water molecule, the EN
partitioning exhibits the least favorable convergence proper-
ties. In comparison with MP, this is clearly due to the fact that
EN denominators (essentially Hartree-Fock excitation ener-
gies) are smaller quantities than MP denominators (orbital
energy differences).
Using the Hartree-Fock determinant as the zero order ref-
erence state, we found that minimizing the norm ||QW|| in
RSPT with respect to level shift parameters, it is possible to
convert diverging PT series into converging ones. This hap-
pens even for molecular geometries far from equilibrium, i.e.,
in cases which are difficult for the single reference perturba-
tion theory. Of the numerically investigated cases, it was only
a single example (C23 water with ROH = 2.5 eq), when the PT
in the optimized QW partitioning remained divergent.
In all cases studied, the numerical findings on the apparent
convergence or divergence were in accord with the conver-
gence radii estimated by quadratic Pade´ approximants.
The price for ensuring the convergence is that low-
order QW results are in most cases inferior to MP or EN
energies. This is natural since minimizing ||QW|| results
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enlarged energy denominators which damp the PT but make
individual contributions smaller.
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